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The propagation of longitudinal elastic waves in composite materials, consisting of a polymer matrix reinforced by continuous
fibres in one direction, is considered. The reinforcing fibres have piezoelectric properties and have a thin current-conducting
coating (“shunted fibres”). The scattering of electric energy in such materials leads to dispersion of the velocity of the elastic
waves and to their attenuation. The effective-field method is used to determine the macroscopic electroelastic constants of such
composites. These constants enable one to obtain, in explicit form, the frequency dependence of the real and imaginary parts
of the wave number of a longitudinal wave, propagating along the reinforcement direction, and also their dependence on the
physical and geometrical characteristics of the components. © 2000 Elsevier Science Ltd. All rights reserved.

To damp mechanical vibrations in structures a method has recently become widely used [1-3] in which
piezoelectric elements are employed, which are able to convert mechanical energy into electrical energy
and vice versa. One such possibility is based on the use of fibres of PZT piezoelectric ceramics with a
thin electrically conducting coating (“shunted fibres”) as the reinforcing elements in a composite material.
This coating forms a passive electrical circuit, which dissipates the electrical energy, and this damps
the elastic vibrations in these materials. A simple one-dimensional model (the “mixture rule”) was
proposed in [2] for a quantitative description of this effect. Below we use a refined scheme (the effective-
field method [4, 5]), which enables the effect of the volume nature of the stress-strain state in the material
and the electroelastic coupling on the expression for the effective electroelastic constants to be taken
into account.

1. INTEGRAL REPRESENTATIONS OF THE ELECTROELASTIC
FIELDS IN COMPOSITES REINFORCED WITH FIBRES
AND THE AVERAGING PROCEDURE

Consider a uniform piezoelectric material, maintained under isothermal conditions. The linear
constitutive relations for such a material have the form

_ _T
Oy = Gty — €Ly, D, =ey€y +E4E, (1.1)

Here o and ¢ are the stress and strain tensors, £ and D are the electric field and induction vectors
respectively, C = CF is the elastic moduli tensor for a fixed vector E, & = & is the permittivity tensor,
e is the piezoelectric constant tensor, characterizing the coupled electroelastic effects, and the superscript
T denotes the operation of transposition.

Relations (1.1) can be conveniently written in the following short form

gj
where the “matrix” L must be regarded as a linear operator, which converts the tensor-vector pair [o,

D] into the analogous pair [g, E] and which has symmetry of the electroelastic constants.
The inverse relations to (1.1) can be written in the form

C -—e

e’ ¢

J=LF, J=| I L= (1.2)
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F=MJ, M=
n

S=SP=(C+ee”'e")!, n=n®=(e+e’Cle)”, d=See™ =C'en

s d
T (1.3)

We will now consider a composne material consisting of a uniform matrix with an electroelastic
characteristics operator L°, reinforced with a Parallel system of continuous circular cylindrical fibres
with electroelastic characterlstlcs L = L + L'. The operator L can be variable inside each fibre. We
will denote the characteristic function of the region V, occupied by the fibres, by V(x), and the strain
tensor by e(x), and we will represent the electric field vector E(x) as follows [5]:

F(x)= FO(x)+ [ P(x - x")Q(x")dx’ (1.4)
Q) =L'(x)F(x)V(x), L'(x)=L(x)-L’

Here F° = [¢°, E*] are the external elastic and electric fields applied to the medium, which we will
henceforth assume to be uniform. The kernel of the integral operator in (1.4) will be expressed in terms
of the second derivatives of Green’s function G(x) for the common theory of electroelasticity for a
medium with properties L° [5]

P()=VG@V, G=rrs n3 [ Glye~dx (1.5)
Gy (k) —v,;(k)
k)=
o Yi(k)  glk) “

1, )" -
Gij=(Aii+’;:hih.i) , Y'=xh’G”’ g=-(A+hA, ,, ,)

All(k) = uuk kl’ h (k) = e,“kkk,, }b(k) € kk kk

Like (1.4), the stress field and the electric displacement field / = [o, D] can be represented in the
same way as (1.4)

J(x)=J°(x)+ [R(x — x YMOQ(x")dx’ (1.6)
JOx)=L°F%(x), R(x)=-L%(x)-L°P(x)L°

where 3(x) is the Direc deita function.

We will choose the system of coordinates in such a way that the x; axis c01nc1des with the direction
of the reinforcement. Since the perturbation of the electroelastic characteristics L' and also the elastic
and electric fields inside the fibres (in the case of constant external fields F°) depend only on the x; and
x, coordinates, integral representations (1.4) and (1.6) take the form

F(E)=F® + [P(E - ¥)QX")dE, X =X(x,%,)
J(®)=J° + [R(X - ¥ )MPQ(F")dx’ (1.7)

The kernel f’(l;) is related to the function P(x) in (1.5) by the equation

P(x),x;) = [ P(x), x5, %3)dx, (1.8)

—-00

.. Hence it follows that the symbol of the operator P (the Fourier transformation f’(l—c) of the function
P(k)) is given by the expression

P(k)=kG(k)k li,=g, K =k (ky, ky) (1.9)
where the function G(k) is defined in (1.5).



Propagation of elastic waves in composite materials reinforced with piezoelectric fibres 979

Suppose now that the set of fibres is random and uniformly distributed in space. Then the problem
of averaging consists of determining the electroelastic fields at an arbitrary point x of the composite
material, averaged over the ensemble of samples of this set. Starting from relations (1.7), we can write
the expressions for these averages in the form

(F(®)) = F° + [P(X - ¥'XQ(X"))dx’ (1.10)

(@) =J° + [R(x - 5 MUQUENE’
Here we have taken into account the fact that f’();) and ﬁ(;) are deterministic functions. If the set
of fibres is spatially uniform, F(x), J(x) and Q(x) are uniform random functions, which possess the

property of ergodicity. Therefore, for example, the mean (Q(x)) is a constant quantity, the value of which
can be found from a typical fixed sample of the function Q(x)

. —
(Q)=lim —[ Q®dx (1.11)
S—r00 S S
Here § is a region in the x;, x; plane, which, in the limit, occupies the whole plane. We substitute the

expression for Q(x) from (1.1) here and, taking into account the fact that, in view of the linearity of
the problem, the function F(x) can be represented in the form

Ak _
F(x) = A(R)F°, A(f)=‘v((;)) ig; (1.12)
we obtain
(Q)=mQF°, Q=(Qs) Qs=/L'(DAF)X (1.13)
N

Here ny is the numerical concentration of the fibres, the integral Q; is taken over the cross-section
S of each fibre, and the average (Q,) is calculated over the ensemble distribution of the operators Q;.

Henceforth we will assume that the mean deformation of the composite and the mean electric-field
strength are fixed by the conditions of infinity, do not depend on the ropertles and concentration of
the fibres and are identical with the constant external fields €° and w. (F = ) In the same way as
for the unconngcted elastic problem [4], it can be shown that the action of the integral operators with
kernels P and R on the constants is given by the equations

[ BE -2 Q)dT =0, [R(Z -7 IM’(Q)dT =(Q) (1.14)
Hence, also from (1.10) and (1.13) we obtain the relations
(N=LYF), L'=L"+nQ (1.15)

where L* is the electroelastic characteristics operator of the composite material.

Hence, the problem of averaging is equivalent to the problem of determining the effective
electroelastic constants of the composite L* and reduces to constructing the operator Q, defined in
(1.13). Here, to construct this operator, we use one of the self-consistent schemes (the effective-field

method [4, 5]), based on solving the electroelastic problem for one isolated fibre in a homogeneous
medium.

2. THE EFFECTIVE FIELD METHOD

In accordance with the main hypothesis of the effective-field method, we will assume that each fibre
m the composite behaves as an isolated fibre in a homogeneous medium with the properties of the matrix
L and the presence of the surrounding fibres is taken into account using effectlve external ﬁelds

= [&*, E*], which act on this fibre and which are not identical with F° = [, E°]. The fields £* and
E * are assumed to be constant and the same for all the fibres.
Using this hypothesis, we can represent the function Q(x) in the form



980 V. M. Levin

Q(x) = L' (DA (X)F Q(x) (2.1)

where Q(x) is a characteristic funcjlon of the region in the xy, x, plane occupied by the cross-section of
the fibres, while the operator A’(x) is found from the solution of the problem for a single fibre in a
medium with the properties of the matrix L® when acted upon by constant fields ¢* and E*. _

In turn, the local external fields F* = [¢*, E*] at the point x, belonging to an arbitrary fibre (x € Q),
are represented in the form

F'(®)= F* + [P(% - )L (XA () F Q(X, X")dx’ (2.2)
The function Q();, );) is defined by the relation
ik

where Q,-();) is a characteristic function of the region occupied by the cross-section of the ith
fibre. -

We will average relation (2.2) with the condition x € Q, assuming that the properties of the fibres
are statistically independent of their position in space. As a result we obtain

(F'(0)1%) = FO 4 (ng [ B(E - * AW - 21 |F” (2.4)

Here we have put

Loy A )=
<£ L'(X)A (x)di> Y(x-x)= (Q( 5 (Q(x,x") 1 x) (2.5)
where (-|x) denotes averaging with the condition x™ € Q. It follows from the definition of the function
Q(x x) that T(x) is a continuous function and ¥(0) = 0, ‘P(x) — 1 when {x | & «. Henceforth we will
assume that the cross-sections of the fibres are distributed isotropically in the x;, x, plane. In this case
W(x) = ¥(|x|).

By identifying the average (F *(x) |x) with the effective field F* for each inclusion, we obtain from
(24)

F*=DF° D=(-nP°L*)", P°=[P(@)[l-¥(X)ldx (2.6)

liyg O

1=

’ ukl 81(’(81)[

Here the operator P’ is independent of the specific form of the function ¥(|x"|), and in the case of
an isotropic matrix with Lamé constants &y, py and permittivity &, is defined by the expressions

0
Fj 0

P’=
0 p?k

2.7)

Eykt Ploa 9k1+ P (8,9, +9,8,; -9,0,,)+

1
+ Z(on - EO)(Oikm,mj +0;mm; + 0,mm; + 8 ,m,m;)

=12 Ry = —————— h =_e s e,=81—mm
4p, 07 Ao+ 200 Pix 2, 0T T

where m; are the components of the unit vector parallel to the fibres,
Using relations (2.6), we can write the following expression for the average of the function

Q(x) (2.1)
(Q) = nQF°, Q=LAD (2.8)



Propagation of elastic waves in composite materials reinforced with piezoelectric fibres 981

From this and from (1.14) we obtain the following expression for the effective electroelastic
characteristics operator

L* =LY + ngLAD (2.9)

3. A COMPOSITE REINFORCED WITH SHUNTED FIBRES

We will assume that each fibre in the composite material consists of a core of radius a of piezoelectric
ceramics, surrounded by a current-conducting shell (a shunt) with external radius b. We will assume
the piezoelectric ceramics to be a transversally isotropic material with an axis of symmetry of the
properties coinciding with the geometrical axis of the fibre. The external shell, like the matrix, is assumed
to be isotropic.

Suppose the macroscopic loading of the composite reduces to a uniform deformation along the
reinforcement direction (g;) and an electric field strength (E,). The general method of solving the problem
for a single isolated stratified non-uniform fibre, discussed for the elastic problem in [6], can also be used
here for the connected electroelastic problem. However, in the case considered here of a fibre with a
single coatmg and an axisymmetrical stress—strain state of the medium with the fibre, the solution of this
problem is easier to obtain directly. Here the operator A%(x") in (2.1) can be represented in the form

A'(®)= A(X) :'l(x) 3.1)
Here
A-jk:(f)={A"{“, h(E) = {hfe, 0;m, O0<r<a
! ALy, e,O My, a<r=b
A;AI = A}0,0y + A;8,m,m) + mym;m,my, s=f,p
Af =520+ 20 (hy 420, ), A7 =5 (ho 4 200) Ky +1,)
AL ==Ly =) (b, + 20, )+ T~ (g =1, ) (32)

, 1
Af =~ =1y ~ M)k +1p) + (4T =AY (bo — 18]

1 1-
hf =ﬂ[lp +2u‘p +T](P~o —N,;)]» hp =_2_An'(“‘0 —up)

b? —a?

n= , A= 0“]) +2“’p)(kf +ﬂo)+ﬂ(kf —}"p ‘Hp)(l-lo —l—lp)

In these expresswns Lj = mimy, Ao, Uo, Ap, M, are the Lamé constants of the materials of the matrix
and the coating respectlvely, ng, ;cf and /; are the moduli of elasticity of the transversely isotropic fibre,
and e; and e; are its piezoelastic constants These quantities can be expressed in the following way in

terms of the “usual” double-index components of the tensors C,]k, and EY, iki» most often encountered in
the literature

n,=Ch, k=W (Cli+Ch), 1, =Cl, e =efy, el =¢f; (33)
The composite as a whole is transversely isotropic. The above formulae enable us to obtain the

following expressions for the three effective electroelastic characteristics of the material, which will later
be necessary for analysing wave propagation

nt=Ng + 20 + plng +xi3) (3.4)

e; = ples +xlyel), €5 =gy + plef —n(e!)?)
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Here
%= 4pR’(1-4pRk)”
ky =211k, = Mo — Ho)AP +2(1 - M)k = Ao — o)A/
Iy =201, = Ag)A] +2(1 =)l — ho)A!
ng =k, +21, - ho =21 +2(A, ~Rg)AT 1+
+ (L=min; = Ao =249 + (s —Ag)A]] (3.5)
e =2(1-n)ef Al, e =(1-n)(ef +2¢f A])
€5 =M(E, —€o) + (1 -M)(ef —go)+2(1 - )&l )y

p is the volume density of the fibres, and &, &, and &3 are the permittivities of the matrix, the coating
and the fibre in the direction of its axis of symmetry. Note that the simple linear model, based on a
“mixture rule” [2], leads to the following effective electroelastic characteristics

ngy = Ao + 200 + pln(h, +20,) ~ Ao — 21 +
+ (A=n)ng —ho ~20)), €3 = pef (3.6)
€3y =€ + PIN(E, —€9) + (1 -M)(e] —€,)]

The difference between these quantities and the corresponding effective constants, presented in (3.4),
is proportional to the square of the difference between the electroelastic constants of the components.
This difference is unimportant if the characteristics of the components differ only slightly, but if there
is a large contrast in their properties the differences between the quantities (3.4) and (3.6) may be
considerable.

4. THE PROPAGATION OF A LONGITUDINAL ELASTIC WAVE
IN A MEDIUM REINFORCED WITH SHUNTED
PIEZOELECTRIC FIBRES

The equations of steady oscillations of such a composite, supplemented by the corollary of Ampére’s
law in the long-wave approximation, can be written in the form
div(o(x)) + @’p* (u(x)) =0 (4.1)
div(i &(D(x)) - B* grad{p(x))) = 0

Here (ui(x)) is the amplitude value of the mean elastic displacement vector, ((x)) is the average
potential of the electric field, w is the frequency, B} is the tensor of the effective electrical conductivities
of the medium, and p* is its effective density

p* = (1-M)pg + plnp, + (1-n)p/]

where pg, p, and pyis the density of the matrix, the coating and the piezoelectric ceramics, respectively.
Assuming tﬁat the electrical conductivity of the matrix and of the piezoelectric ceramic fibre are negligibly

small compared with the electrical conductivity of the coating 8f = ,3;, we have

ij>
B,; =M Bpaij
By using the governing relations for the composite

ct -€

'’ ¢

(J))y=L(F(x)), L =

we can write
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3 (Cud, {4y (x)) + €530, (PN +p* @0 (14 (x)) = 0
9 (i wejyd (uy (X)) - i W€}, (@(x)) — B30, (0(x)) =0 4.2)

We will seek a solution of this system in the form of plane waves, propagating along the reinforcement
direction

((x)) = Um,e ™%, (@(x)) = de ™

where g is the wave number. Substituting these expressions into (4.2) we obtain a system of algebraic
equations in U and @, whence follows a dispersion relation, which can be written in the form [2]

g*n"()=p*®?, n*(®)=n"(®)+in"(®)

2 *
n(@) = | 14280 | gy = SO
14 (01) 1+ (wt)
5= o8
n gy Fnﬂp
Hence, the wave number g is complex
g(w) = gg(w) +ig,(®)
® ® .Yy . In"(@!  y
= . =— t - W)= —_— —
qr v (@) q; ; (a))g2 v (w) 5 se:c2

Its real part defines the dispersion of the phase velocity v*(») while the imaginary part defines the
frequency dependence of the attenuation factor, referred to unit length. In these expressions v is the
phase delay angle, which is defined in terms of the loss tangent

gy =—20F
1+ (1 + 8)(ewr)’
Hence we can obtain the maximum loss tangent
3

t =
(t8 W) max zm

Example. We will consider a numerical example for the following values of the electroelastic
characteristics of the components [3] (the fibre is made of PZT-5A ceramics of diameter 30 um with a
copper coating 1 um thick in a polymer matrix)

ky=98.2; ;=752 ny=111 GPa
& ==54 &=158 & =734 p=03

A, =120; p, =40 GPa, g,=0.9x 1071, B,=62x 105 Qm), n =0.06
Ao=44, 1y=1.8 GPa, g=3.7x 101

The maximum loss tangent calculated for these values of the constants is 0.183 at a frequency of
66 Hz. The value calculated using the simplified formulae (3.6) proposed in [2] is equal to 0.13.
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